Abstract. We first investigate a coupled system of nonlinear hyperbolic partial fractional differential equations under some boundary value conditions. After that, we investigate a related coupled system of nonlinear hyperbolic partial fractional differential inclusions under some assumptions.
Introduction
As it well known, it has been published many works on fractional delayed equations or time-fractional partial differential equations (see for example, [1, 2, 7, 9, 13, 17, 18] ). It is interesting to work in two space variables or hyperbolic fractional partial differential equations (see for example, [3, 4, 5, 8] ).
Let 
(s, t) dt ds
whenever the integral exists ( [21, 22, 23] ). Also, the Caputo partial derivative of fractional of order α for a function u ∈ L 1 (J a × J b ) is defined by with the boundary value conditions u 1 (x, 0) = ϕ 1 (x), u 1 (0, y) = ψ 1 (y), u 2 (x, 0) = ϕ 2 (x), u 2 (0, y) = ψ 2 (y) (1.4) under some conditions on the multifunctions F 1 and F 2 .
Let (X, d) be a metric space. Denote by P(X), 2 X , P cl (X), P bd (X), P cv (X), P cp (X), P cp,cv (X), the class of all subsets, the set consisting of all nonempty subsets of X, the set consisting of all closed subsets of X, the set consisting of all bounded subsets of X, the set consisting of all convex subsets of X, the set consisting of all compact subsets of X and the set consisting of all compact convex subsets of X respectively. Let F : X → 2 X be a multifunction. We say that u ∈ X is a fixed point of F whenever u ∈ F u ( [14] ). A multifunction F :
and [10] ). Then (CB(X), H d ) is a metric space and (CB(X), H d ) is a generalized metric space, where CB(X)is the set of closed and bounded subsets of X and C(X) is the set of closed subsets of X ( [6] and [10] ). We say that a multifunction F : X → 2 X is convex valued (compact valued) whenever F u is
is called a contraction whenever there exists a constant γ ∈ (0, 1) such that
). In 1970, Covitz and Nadler proved that each closed-valued contractive multifunction on a complete metric space has a fixed point ( [11] ). We say that F :
R is a Caratheodory multifunction whenever the map
). The set of selections of F is defined by [12] ). We say that the graph of F : X → P cl (Y ) is closed whenever for each sequence {u n } n≥1 in X and {y n } n≥1 in Y with u n → u 0 , y n → y 0 and y n ∈ F (u n ) for all n, we have y 0 ∈ F (u 0 ) ( [12] ). We shall use next theorems in our main results. Theorem 1.1. (Schaefer's fixed point theorem [23] ) Suppose that X is a Banach space, T : X → X a completely continuous operator and the set K = {u ∈ X : u = λT u for some λ ∈ [0, 1]} is bounded. Then T has a fixed point. 
Main results
if and only if u 0 is a solution for the hyperbolic partial fractional problem
with the boundary conditions u(
Proof. By using some calculations, it is easy to check that
is a solution for the fractional integral equation (2.2). Let u 0 be a solution for hyperbolic partial fractional differential equation (2.2). Then,
. Now by using the boundary value conditions, we obtain
This completes the proof.
Now for the problem (1.1) with boundary conditions (1.2), define the oper-
Theorem 2.2. Consider the system of nonlinear hyperbolic partial fractional differential equations (1.1) with boundary conditions (1.2). Suppose that
f 1 , f 2 : J a ×J b ×X 6 → X be continuous mappings and there exist positive constants L 1 and L 2 such that |f 1 (x, y, u 1 , u 2 , · · · , u 6 )| ≤ L 1 and |f 2 (x, y, u 1 , u 2 , · · · , u 6 )| ≤ L 2 for all (x, y) ∈ J a × J b and u 1 , · · · , u 6 ∈ X. Then the problem (1.1
) with boundary conditions (1.2) has a solution.
Proof. Consider the continuous operator T :
First, we show that T maps bounded sets to bounded subsets of X × X. Let Ω be a bounded subset of X × X, (u, v) ∈ Ω and (x, y) ∈ J a × J b . Then, we have
On the other hand, we have
This shows that T maps bounded sets to bounded subsets of X × X. Now, we prove that T is equicontinuous. Let (x 1 , y 1 ), (x 2 , y 2 ) ∈ J a × J b with x 1 < x 2 and y 1 < y 2 . Then, we get y 1 ) . Also, we have
By using the Arzela-Ascoli theorem, the operator T 1 is completely continuous. Similarly, we obtain
and so by the Arzela-Ascoli theorem, we get the operator T 2 is completely continuous. Hence, ∥T (u, v)(x 2 , y 2 )−T (u, v)(x 2 , y 2 )∥ X×X → 0 as (x 2 , y 2 ) tends to (x 1 , y 1 ). This shows that the operator T is completely continuous. Now,
so Ω is a bounded set. Now by using the Schaefer's fixed point theorem, the operator T has a fixed point which is a solution for the system of hyperbolic partial fractional differential equations (1.1) with boundary conditions (1.2).
Note that, one can extend the problem (1.1) with boundary conditions (1.2) to a n-dimensional system of nonlinear hyperbolic partial fractional differential equations as following. Suppose that
with the boundary value conditions L 1 , L 2 , . . . , L n such  that |f i (x, y, u 1 , u 2 , · · · , u 3n )| ≤ L i for i = 1, . . . , 3n . Then, the n-dimensional system of nonlinear hyperbolic partial fractional differential equations (2.3) with boundary conditions (2.4) has a solution. Now, we investigate the coupled system of inclusions (1.3) with boundary conditions (1.4). 1, 2) . Then, the coupled system of nonlinear hyperbolic partial fractional differential inclusions (1.3) with boundary conditions (1.4) has at least one solution.
Definition 2.4. We say that (u
1 , u 2 ) ∈ C(J a × J b , X) × C(J a × J b , X) is asolution for the system of hyperbolic partial fractional differential inclusions (1.3) with boundary conditions (1.4) whenever it satisfies (1.4) and there exists a function (w1 , w 2 ) ∈ L 1 (J a × J b ) × L 1 (J a × J b ) such that w 1 (x, y) ∈ F 1 (x, y, u 1 (x, y), u 2 (x, y), D 2 x u 1 (x, y), D 2 x u 2 (x, y), D 2 y u 1 (x, y), D 2 y u 2 (x, y)) and w 2 (x, y) ∈ F 2 (x, y, u 1 (x, y), u 2 (x, y), D 2 x u 1 (x, y), D 2 x u 2 (x, y), D 2 y u 1 (x, y), D 2 y u 2 (x, y)) for almost all (x, y) ∈ J a × J b and u i (x, y) = 1 Γ(α i1 )Γ(α i2 ) ∫ x 0 ∫ y 0 (x − s) αi1−1 (y − t) αi2−1 w 1 (s, t) dt ds + µ i (x, y) for all (x, y) ∈ J a × J b and i = 1, 2, where µ i (x, y) = ϕ i (x) + ψ i (y) − ϕ i (0). Theorem 2.5. Suppose that multifunctions F 1 , F 2 : J a × J b × R 6 → P cp,cv (R) are L 1
-Caratheodory multifunctions and there exist a bounded continuous nondecreasing map ψ : [0, ∞) → (0, ∞) and a continuous function
p : J a × J b → (0, ∞) such that ∥F i (x, y, u i (x, y), D 2 x u i (x, y), D 2 y u i (x, y))∥ ≤ p(x, y)ψ(∥u i ∥) for all (x, y) ∈ J a × J b and u i ∈ X (i =
Proof. Define the operator
) , 
and h
Since F i has convex values, S Fi,ui is convex and so
. Thus, the operator N has convex values. Now, we prove that N maps bounded sets of X into bounded subsets. Let r > 0 and
Now, we show that N is completely continuous. Suppose that (u 1 , u 2 ) ∈ B r and (x 1 , y 1 ), (x 2 , y 2 ) ∈ J a × J b with x 1 < x 2 and y 1 < y 2 . Then, we obtain y 1 ). Now by using the Arzela-Ascoli theorem, the operator N is completely continuous. Now, we show that N is upper semi-continuous. By using Lemma 1.2, it is sufficient to show that N has a closed graph. Let (u 
and ∥u i ∥ ̸ = L i for i = 1, 2. Put U = {(u 1 , u 2 ) ∈ X × X : ∥(u 1 , u 2 )∥ < min{L 1 , L 2 }}. Note that, the operator N : U → P(X) is upper semi-continuous, completely continuous and there is no (u 1 , u 2 ) ∈ ∂U such that (u 1 , u 2 ) ∈ λN (u 1 , u 2 ) for some λ ∈ (0, 1). By using Theorem 1.4, N has a fixed point (u 1 , u 2 ) ∈ U which is a solution for the coupled system of hyperbolic partial fractional differential inclusions (1.3) with boundary conditions (1.4).
One can extend the coupled system of hyperbolic partial fractional differential inclusions (1.3) with boundary conditions (1.4) to n−dimensional case.
